We examine the effects of velocity-changing collisions (VCC's) on nonlinear mixing in a Doppler-broadened vapor. We use a model in which both velocity-changing and phase-interrupting collisions are accounted for. We present explicit calculations and results for four-wave mixing in two-level systems for the case of strong collisions. We give results for both phase-conjugate and forward geometries. We discuss new features and modifications of signal line shapes due to VCC's. The line shapes reflect the various collisional processes that occur in the system. VCCinduced line narrowing is discussed in detail.
INTRODUCTION
The effect of collisions on spectroscopic line shapes associated with atomic vapors have long been studied. The active atoms (i.e., those atoms that interact strongly with the external radiation fields) in a vapor may undergo collisions with other active atoms or with perturber atoms (i.e., atoms for which the radiation field is far off resonance). It is usually assumed that the active-atom-active-atom collision may be neglected. We are then faced with the problem of determining the manner in which active-atom-perturber-atom collisions affect the line shapes by modifying the active-atomradiation-field interactions. Generally collisions are taken as phase interrupting (dephasing collisions) in their effect on level coherences (off-diagonal elements of a density matrix). However, the role of collisions in broadening spectral lines is considerably more complex in general. The reason for this is that collisions can also result in changes in the velocity of active atoms in addition to interrupting the phase. These velocity changes modify the velocity distribution of active atoms. Both of these effects of collisions are to be treated jointly. Traditional pressure-broadening theories that take only phase-interrupting collisions into account may correctly give the line shapes in linear spectroscopy but fail to give a proper description of the saturation-spectroscopy line shapes.' Extensive work on the joint treatment of velocitychanging and phase-interrupting collisions on spectroscopic line shapes exists in the literature.
Rautian and Sobelman 2 have discussed the influence of velocity-changing collisions (VCC's) on one-photon absorption and fluorescence line shapes in the limiting cases of strong collisions and weak collisions. Liao et al. 3 experimentally observed the effect of VCC's on two-photon and stepwise absorption line shapes.
To explain their results, they had to use a theory that takes all the collisional effects into account. 3 Berman et al. 4 have presented such a theory of saturation spectroscopy. Rothberg and Bloembergen 5 and Lam et al. 6 used the technique of four-wave mixing (FWM) to study the effect of VCC's on collision-induced Zeeman coherences between the degeneracies of the ground or excited states. Druet et al. 7 made detailed studies of FWM, including resonant anti-Stokes scattering. 7 Lam et al., as early as 1982, studied the effect of VCC's on nearly degenerate FWM line shapes from twolevel atoms in the Doppler limit. 8 They observed collisional narrowing of spectral line features associated with the population relaxation rate. The existing theoretical calculations for FWM line-shape analysis tend to be limited in one way or another. The calculations are restricted to the Doppler limit (i.e., the decay width, atom-field detuning, and pump-probe detuning are assumed to be much less than Doppler width).
Moreover, it was assumed that collisions are velocity changing in their effect only on population (diagonal elements of a density matrix), neglecting their effect on level coherences (off-diagonal elements). In this paper we present a general theory of FWM, including collisional effects, in a system of two-level atoms for weak pumps. To account for collisioninduced velocity changes of active atoms, a strong-collision model is chosen. The calculations are based on a simple but often applicable collision model in which collisions are both velocity changing and phase interrupting in their effect on level coherences. Level populations also change because of VCC's. The only restrictions on level widths, collision rates, and detunings are those implied by the impact approximation.
In Section 2 a scheme is presented for the calculation of a FWM signal from a system of two-level atoms. General equations are derived from which the third-order nonlinear polarization of the medium that gives rise to FWM can be calculated. In Section 3, using a strong-collision model, we carry out explicit calculations to obtain the form of nonlinear susceptibilities of the medium for two geometries: (i) phase-conjugate configuration, in which two pumps propagate opposite each other, and (ii) forward FWM configuration, in which both pumps are in the same direction. The calculations are most conveniently performed by using a density matrix. In the absence of collisions the master equation for the evolution of the density-matrix elements is
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Matrix elements of the Hamiltonian H are given by (2.4) where ei is the energy of level i and dij is the dipole-matrix element between state i and j, assumed to be real and equal to d.
B. Collision Model
The two-level atoms undergo collisions with ground-state perturbers. The atomic transition frequency wo is shifted by (i) The active atom and perturber densities are such that we can neglect all but binary active atom-perturber collisions.
(ii) In the absence of an applied field there is no collisional coupling between the upper and lower levels, i.e., WOTC >> 1, as is the case for optical frequencies o.
(iii) Collisions are treated in an impact approximation in which collisions can be thought to occur instantaneously with respect to various time scales in the problem, i.e., rc-l >> atom-field detunings, Rabi frequencies, and collisional, and decay rates.
(iv) Changes in velocity v occur through jumps from one value of v to another. The jump time is assumed to be instantaneous with regard to all other relevant time scales in the problem (impact approximation). Moreover, the value of v following a jump depends at most on the value v' before the jump. 10 (v) We further assume that the VCC and phase-interrupting collisions are statistically independent.
With these approximations, the net effect of collisions is the addition of a term [pij (v, t) 
C. Equation for Density-Matrix Elements
Using the above equations, we find that the equations for density-matrix elements of a system of two-level atoms interacting with three external electromagnetic fields and undergoing collisions with perturber atoms are sition of the density-matrix elements can be done as follows: 
Here the various detunings are
The steady-state solution of expressions (2.12)-(2.17) can be obtained by setting the left-hand side equal to zero. Thus the steady-state solution for p12(0s) is obtained. The induced macroscopic nonlinear polarization at frequency w, of the vapor is (2.19) where N is the atomic density of the vapor. Equation (2.19) gives the steady-state third-order nonlinear susceptibility of the vapor. The FWM signal can be calculated from
(2.20)
THIRD-ORDER SUSCEPTIBILITY
In this section the explicit form of the third-order nonlinear susceptibility is presented for (i) the phase-conjugate configuration, in which two pumps are propagating in the opposite direction, and (ii) the forward FWM geometry, in which the pumps are copropagating. 
is the right-hand side of Eq. (2.13) with where M(v) is the Maxwellian velocity distribution given by
We can further neglect the velocity dependence of -y(v) and riT(v) without much error because they are generally slowly 
is obtained from Eq. This needs to be symmetrized with respect to all the arguments. We have presented the complete form of the susceptibility so that all the resonances in X(3) can be explicitly seen.
We are now in a position to evaluate the explicit form of the nonlinear susceptibility for various configurations of pump and probe arrangements:
(i) Phase-conjugation geometry. In this configuration the pump beams El and E 2 at frequencies WI and W 2 and wave vectors ki and k 2 are propagating in opposite directions.
+ above terms with the replacement k -k 2 and - for nonlinear susceptibility in this geometry.
()
(ii) Forward geometry. In this configuration both the pump and the probe beams are propagating in the forward direction. The nonlinear signal at ws = cl + ol-w3w is at k, = 2k, -k 3 . On substituting k, = k 2 and replacing Q1 -Q1/2 and Q2 -Q 1 /2 in Eq. (3.7) , we obtain the nonlinear susceptibility X() (X1, xl, -W3) (ii) Forward geometry. For this geometry we find that -iF& (4.2) In this geometry the form of susceptibility is the same as that for the phase-conjugation geometry except that the resonance at 2A 1 is absent and for a constant factor. Thus only one resonance at ba = 0 is seen, the width of which is governed by either the natural linewidth or the VCC-induced ground-state decay rate r 22 , as seen above.
It should be noted that in deriving expressions (4.1) and 
which is the result of the traditional pressure-broadening sions, and the net result is increased decay in the system.
The resonance at 6w = 0 can have a width y, the natural linewidth, or 22, the VCC-induced decay rate of the ground state, depending on whether y < 22 or y > 22 . In the Doppler limit Lam et al. 8 have shown that at low pressures such that 22 << y, extreme narrowing of the peak at w = 0 results. This was discussed in Section 4. At present we restrict ourselves to the case when y < 22 . In this case the width of the peak at 6 = 0 is governed by -y. From expression (5.1) we observe that even in the absence of phaseinterrupting collisions the peak at 6w = 0 does not vanish. It exists because of VCC's. This implies that not only phaseinterrupting collisions but even VCC's can give rise to the peak at degenerate frequency 6w = 0 at low pressures. Thus this resonance will have contributions from both VCC's and phase-interrupting collisions. The Doppler broadening of resonances at +Al is not affected much by VCC's. A similar inference can be drawn from the X) in phase-conjugation geometry, which for brevity is not given here. (5.2).
In the large ri limit the above result is identical to that (ro + is)2 1
The form of X( 3 ) for both the phase-conjugation and the forward geometries approaches the equilibrium limit, which is 6w Fig. 1 . FWM signals S as a function of the pump-probe detuning 6w for small collisional parameters and for (a) when the pump frequency is at exact resonance with the atom (Al = 0) and 22 is so because it is an equilibrium limit and it is unimportant whether a few strong or many weak VCC's produce this equilibrium limit.
NUMERICAL RESULTS
In this section we present numerically calculated FWM signals S as a function of the pump-probe detuning bco for moderate values of pump-atom detuning Al and collisional parameters. Results for both phase-conjugate and forward geometries are given. We have already seen in previous sections the form of FWM signals in some limiting cases.
The form of signals in the Doppler limit and its consequences were treated in Section 4, and hence all results in this limit will not be given here. All the detuning and parameters appearing in X (3) are scaled in terms of Doppler width, and all the numerical results below are outside the Doppler limit.
In Fig. 1 we show the behavior of FWM signals as a function of pump-probe detuning bco for small values of collisional parameters r22 and Yp. Curve a of Fig. 1 shows the signal line shape for the phase-conjugate geometry when the pump frequency is at exact resonance with the atom (Al = 0). As discussed in Section 4, the width of the peak at 5c = 0 is found to be extremely narrow. This narrowing is caused by the VCC-induced decay of the ground state of the atom and is governed by r2 2 . A similar effect is also seen for the signal in forward geometry and is not shown in the figure In Fig. 4 we show the behavior of signals for the phaseconjugate geometry in the limit of large pump atom detuning Al (=10). In Fig. 4(a) , yp = 0 and r 2 2 = 0, 1. In the absence of 2 2 two Doppler-broadened peaks are present at Al.
For finite 22 (=1), a small VCC-induced peak at = 0 appears. For a finite value of 22 (=1), reduction of the Doppler width of the side peaks results. However, the central peak that appears because of VCC's is insignificant. In Fig. 4(b) the effect of phase-interrupting collisions on the signals of Fig. 4(a) is shown for yp = 0.5. The central peak is now more significant. The effect of yp results in the broadening of the side peaks, as can be seen by the comparision of the curves in Fig. 4(a) with the curves in Fig. 4(b) .
In summary, we have presented a general theory of FWM signals in the presence of both phase-interrupting and velocity-changing collisions. We give an explicit form of the signals for both phase-conjugate and forward geometries. In the Doppler limit our theory leads to the results obtained by others. Numerical results outside the Doppler limit are presented. These show how the central and side peaks change their character by the relative changes in the collisional parameters associated with phase-changing and velocity-changing collisions.
Several generalizations of the present conclusions are possible. For example, the strong collisional approximation can be relaxed. One can introduce the Keilson-Storer kernel. 13 The equation of motion for the density matrix can then be solved by using the eigenfunctions of the KeilsonStorer kernel and by using matrix-continued fraction methods. This also allows us to examine the effects of the saturation induced by the pump. Results of such a study will be reported elsewhere.
